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All questions may be attempted but only marks obtained on the best four solutions will
count.
The use of an electronic calculator is not permitted in this examination.

1. (a) State what it means. for a sequence (T,) of real numbers to converge to a real
number £.

(b) Use the definition of convergence (not the combination theorem or any other
theorems) to prove that
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(c) Prove that every convergent sequence of real numbers is bounded.

(d) Give an example of a bounded sequence that does not converge. Justify your
answer.

2. (a) Prove that if (as) and (bn) are sequences 0 of real numbers such that |bn| < an

for all n € N and Z a, converges, then Z b, converges absolutely.
n=1 n=1
(b) Determine (with explanations) whether each of the following series converges
© or diverges.

OIS @ D

=1

(iii) ?; (2— %) (iv) il (n) ;fb;m).

3. (a) State the definitions of lim f(z) =¢and lim f(z) =~

2?——'0,

(b) Let f: R —Rbe defined by

flz) = {4:1; i i'fa:<1,

ifz>1.

Prove carefully, i.e. using € and 6, that f(z) is continuous at = = L.
(c) State what it means for a sequence of real numbers to be a Cauchy sequence.

(d) Show that if (z,) is a convergent sequence, then it is a Cauchy sequence.

MATH1101 PLEASE TURN OVER


https://mymathscloud.com

4. (a) State and prove the sandwich theorem for sequences.

(b) Using any techniques at your disposal, compute the limit of the sequence
T, =vVn+1—+/n.

(c) Suppose S C R is a set of real numbers which is nonempty and bounded above.
Show that there exists a sequence (z,) with z, € S for all n and

lim z,, = supS.
n—0o0

(d) Suppose f is a continuous function on a compact interval [a,b]. Prove that f
attains a maximum value on [a, b].
Note: You may assume without proof that f is bounded on [a, b).

5. In this question, we consider the function exp : R — R defined via the power series

o0 n

exp(z) = Z %

n=0
This function satisfies the relation exp(z + y) = exp(z) - exp(y); you may assume
this without proof.
(a) Show that exp(z) > 0 for all z € R.
(b) Show that exp : R — R is a strictly increasing function.
(c) Show that for each n € N, there exists a constant C > 0 such that

exp(z) > Cz"

for all z > 0.

(d) Show that for any natural number n, hI_]I_’l z"exp(—z) = 0.

6. (a) State the continuum property of the real numbers.

(b) Let S denote the set of all rational numbers z satisfying =2 < 3. What is
sup S? Does max S exist? Explain briefly.

(c) Suppose a < b, f : [a,b] — R is a continuous function and A is a real number
with
fla) <A< f(b).
Let S = {z € [a,b] | f(z) < A}, and suppose M € [a,b] is an upper bound
for S. Show that f(M) > .
(d) Prove that there does not exist any continuous function f : [-2,2] — R satis-
fying
(> - 4)[f(@)’ +zf(zx) =1 forall ze[-22].
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